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Abstract 



We give new formulas for the moments of the entries of a random matrix whose law is a Brownian 
motion on a classical compact group. As we let the time go to infinity, these formulas imply the 
one B. Collins and P. Sniady obtained for Haar measure in [2]. 



^ 1 Introduction 
g 

1 Let G be a compact group that belongs to one of the classical series U(A), 0(A) and USp(A). 
^ For any of these groups, let us denote by V their fundamental representation, that is for 

^ U(A) and 0(N), and for USp(A). In the following, we are interested in finding an explicit 

r — expression for 

2 / f{9)^^{dg) (1) 

in Jg 

where / is the composition of a polynomial function on End(y) with the fundamental repre- 
sentation and ii is the measure associated to the law of a Brownian motion that we shall define 

(N 



in Section 3.2 Such quantities have been studied when /i is the Haar measure by B. Collins in 
|3] and later with P. Sniady in [2], see also IJJ for a recent point of view. The subject of this 
article is to give formulas for ([T]) that are deformations of the ones obtained in [2]. Besides, 
^ our work completes an article of T. Levy [7] who computes such integrals but for a smaller 

class of polynomials. One of the motivations of our computation is the fact that the law of 
the Brownian motion is invariant by conjugation so that integrating with respect to it defines 
invariant quantities for the group G. For any space E on which G acts, we will denote by E'^ 
the set of points in E fixed by the action of G. \i W '\s & representation of G, we denote by 
EndG(VF) the space of endomorphisms commuting with G. We will consider here the represen- 
tations W = V®^ y*®m ^ such representations, EndG'(W^) is described by the Schur-Weyl 
duality (see As an example, for G = U(A), 'Endciy'^"') is the image of C[6ri] by the 

classical representation on y®" given by permutation of the tensors. 

One nice feature of our formulas is the formulation in terms of a commutative family of 
elements of C[S„] called the Jucy-Murphy elements, whose joint spectrum is explicitly known 
(see [9]). For any non-zero integer i, we let Xi = (1 i) + {2 + - ■ - + (2 — 1 i) be i-th Jucy-Murphy 
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element. We set Xq = 0. We get a generalization for the Brownian motion of the formulas of 

m- 

In the first section of this article, we give a proof of an integration formula for the Haar 
measure on the symplectic group and recall the formulas for the orthogonal and the unitary 
groups. In the second Section, we reformulate this expression in the algebras EndcC^^®") 
state the formulas we want to prove for the Brownian motion in Theorem |3.9| and show they are 
indeed a deformation of the formulas for the Haar measure. In the last Section, we give a proof 
of Theorem 13.91 



2 Integration formulas for the Haar measure 

We give here a proof of the integration formula with respect to Haar measure on the symplectic 
group and recall the formulas for U(A^) and O(A^) (a proof for the compact symplectic group is 
also given in |3]). 

Let us introduce iv the skew-symmetric bilinear form on V whose matrix in the canonical 

basis is J = f ) . Let us denote by USp(2iV) = {S e \J(2N) : ^SJS = J} the group of 

V -^N U J 

unitary symplectic matrices. We shall write dO, dU and dS for the Haar measure on the groups 
U(A^), O(A^) and USp(A^). In the following we shall compute the following integral: 

5*42^2 ■ ■ ■ Si^j^dS. (2) 

USp(2Ar) 

Observe that for any S G USp(2A^), S = —JSJ, therefore we can deduce from our com- 
putation formulas for integrals of polynomials in entries of S and S. Since the Haar measure 
is invariant by multiplication by —Id, this integral is zero for odd n. Let us introduce p the 
endomorphism of y^^n (^g£ned by p = /usp(2Af) ^^'^"'dS. Computing (2) amounts to computing 

{eh'S)---ei^,p{ej^<»---ejJ). 

Using invariance of the Haar measure, it is easily seen that p is an orthogonal projection onto 
the vector space (^y'»2n-jUSp(2Af)^ {wi)i^l be any generating family of (y8'2n^Sp{2Ar)^ ^ ^ 

{{■Wi,Wj))ij£L its Gram matrix and G a matrix satisfying GGG = G. The projection onto 
^y®2n^USp(2Af) reformulated as 

P= Gi,j{wj,-)wi. (3) 

i,jeL 

We shall now give a generating family of ^y®2n^USp(2Af)^ 7W(2n) be the set of partitions by 
pairs of {1, . . . , 2n}. Let us denote by vro G M{2n) the partition {{1, 2}, {3, 4}, . . . , {2n — 1, 2n}} 
and 



l<ii,i2,...,i2n<N k=l 

The element is fixed by the action of USp(2A^). Let us denote by e : &2n — ^ 1} the 
signature homomorphism and : &2n — ^ GL(V^®^"') the homomorphism defined by setting for 
any a G &2n and fi, . . . , V2n G V, 

Peia). (Vl (g) • • • (g) V2n) = e(o-)l'cr-i(l) (g • • • (g t'cr-i(2n)- 
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Let us denote by Tin the stabilizer of vro under the natural action of 62n on Ai{2n). The set 
Ai{2n) is in bijection with ©2n/^n- The group T-Ln stabilizes the element Wjrg under the action 
of &2n through ps, therefore for any vr G M{2n) and a £ ©2n such that crvro = vr, the following 
vector is well defined 

The action of U(2A^) on l/®2n commutes with that of &2n-, therefore for any vr G Ai2n-, w-w £ 
^ymn^Sp(2N)^ The first geometric Theorem of invariant theory claims that all invariants are 
linear combinations of this ones. 

Theorem 2.1 ( [6j Thm. 5.2.2 ). The family {w^)^(.M{2n) generates {y®^nyjSp{2N) _ 

We shall compute the Gram matrix of this family. For any pair of partitions vr, of {1, . . . , 2n}, 
Let us denote by vr V r/ the finest partition coarser than vr and t]. Let #vr the number of blocks 
of vr. For any permutation a £ &2n and any / = (ii, . . . , i2n) list of 2n integers, let us write 

inv2(cr, /) = #{k G {1, . . . , n} : i^(^2k) < V(2fc-i)}- 

Lemma 2.2. i) For any TT^rj £ M.{2n), 

{w^,w^) = {-ir[-2N)*^''\ 

a) Let vr he an element of M{2n), and 1 < ii, . . . , i2n ^ N. If ii = + N mod {2N), as soon 
as I k, then 

otherwise this term vanishes. 

Proof. Let us prove the first point. For any partition {A,B} of {1, . . . ,2n} into two sets, let 
us say that {A, B} forms a bipartition of {1, . . . , 2n} compatible with a partition /x G M{2n) if 
each block of is made of an element of A and an element of B. Let vr and rj two elements of 
Ai{2n). There exists a bipartition compatible with both vr and rj, let us fix one {A,B}. There 
exists a unique a G &2n such that vr = cr^rj) and a^j^ = Id^- Indeed, if we identify Ai{2n) with 
the set of involution without fixed points of {!,..., 2n}, a^^ = rjTr (see figure [T|. It follows that 
cr|5 has exactly #(vr V rj) cycles and £{a) = ( — Let us fix a second bipartition {C, D} 
compatible with vr, such that 



JJ Jicid^h "X" • • • ei2„ ■ (*) 

l<ii,...,i2n c£C,d^^c 

Let us point out that this bipartition could be non-compatible with r]. On the other hand, its 
image {a{C), a{D)} is compatible with rj and 

Wr, = £i(j)a.W^ = e(cr) Yl Jia(c),i<rid)^n®---®^i2n- (**) 



Taking the scalar product of Q and ( ** 



gives 



£{a){w^,Wr,) = Yl Ji,,idK(.),i.(d) 

l<ii,...,i2n<2N c£C,d~^c 

— Yl n '^ic,id'^ic,ia(d) ri '^ic,id'^ia(c),'i'd- 

l<ii,...,i2„<2N ceCnA,d~,rC c6CnB,d~,rC 
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Each term of the sum is equal to 1 when ^^^(/c) = ik + N = iri(k) mod(2A^) and otherwise. The 
above sum is therefore {2N)'^^'^^^\ RecaUing that e{a) = n — #(7r V r/) yields the claim. The 
second point is easier to prove and we leave it to the reader. □ 




Figure 1: In the following picture tt = {{1, 4}, {2, 3}, {5, 6}, {7, 10}, {8, 9}, {11, 12}}, r? = 
{{1, 3}, {2, 5}, {4, 6}, {7, 8}, {9, 10}, {11, 12}}, points of A are black, points of C are circled. 

For any z G C and any tt, r/ G 7W(2n), we set 

For \z\ > 2n, this matrix is invertiblej^ let us denote by W{z) its inverse. Equation ^ and 
Lemma 2.2 yield the following: for / = (ii, . . . , i2n), J = (ji, ■ ■ ■ , 32n) £ {Ij • • • ) 2A^}^"', 

^USp(2iV) n,^eM{2n) 

(4) 

where the sum is over all the partitions vr, ij such that ik = ii + N mod (2A'^) (resp. = ji+ N 
mod (2A^)) as soon as k ^ (resp. k 0- Let us recall the two formulas when the group 
is the compact orthogonal group and the unitary group (see [2j for a proof). Let us define 
M[n,n) = {vr G M{2n) : Vz,j G {l,...,n},i 9^,^ j} and let Wg(z) be a pseudoinverse of 
(G'^,r,(^)),r,r?e>!(n,n)- For any / = (ii, . . . ,i2n), J = (ii, • • • ,i2n) G {1, . . . ,iV}^", 

where the sum is over all the partitions vr, r] such that = ii (resp. = ji) as soon as k / 
(resp. k /) and 



L 



where the sum is over all the partitions iT,ri £ Ai{n, n) such that = ii (resp. = ji) as soon 
as k I (resp. k r^ri I)- 



^ We shall get an expression of the matrix G{z) in terms of Jucy-Murphys elements, which shows that G{z) is 
diagonalizable so that G{z) always has a pseudo-inverse. 
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3 Reformulation in the Brauer algebra. 

Let us remark that the endomorphism g"^ ii{dg) of y®"- commutes with the action of G as 
soon as the measure /i is invariant by adjunction. We shall specify the element of ^ndciy®^) 
when /i is Haar measure or the law of the Brownian motion. To begin with, let us describe the 
algebra EndG(y^") as G belongs to the classical series. 

3.1 Brauer algebra 

Let us write I„ for the vector space with a basis indexed by 7W(2n). We give /„ the struc- 
ture of an algebra as follows. For every vr G A^(2n), let vr^ = {{1}, . . . jj?^}} U (vr + n) and 
vr^ = TT U {{2n + 1}, . . . , {3n}} G 7W(3n). For any 7r,r/, we denote by b{Tr,r]) the number of 
blocks of (vr^ V t?-) included in {n + 1, . . . , 2n} and vr o ry G A4{2n) the partition obtained from 
(7r+ V V-)\{i,...,n}u{2n+i,...,3n} shifting by {2n + 1, . . . , 3n} to {n + 1, . . . , 2n}. We define 

TT.r/ = O T]. 

Lemma 3.1 ([6| Thm 4.4). For any z £ C, the bilinear map {TT,ri) £ l!^ ^ vr.ry endows In with 
a structure of an associative unitary algebra. We denote this algebra Bn{z). 

For any vr G A^(2n), we shall represent the element vr G Bn{z) as a diagram with points 
of {!,..., 2n} set on two lines as in the figure |2j so that multiplication in Bn{z) amounts to 
concatenation of diagram weighted by z powered to the number of inside loops. For any integers 




Figure 2: Multiplication vr.?? with vr = {{1, 2}, {3, 4}, {5, 14}, {6, 7}, {8, 9}, {10, 11}, {12, 13}} and 
r/ = {{1, 3}, {25}, {4, 6}, {7, 12}, {8, 11}, {9, 10}, {13, 14}}. 

1 < a < 6 < n, set 

'Ta,b = {{«, b}, {a + n,b + n}} U {{A;, + n}, /c / a, 6} 

and 

Sa,b = {{a, b + n}, {b, a + ?7,}} U {{k, k + n},k ^ a, b}. 
This two kind of partitions generates Bn{z) as an algebra. 
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a b a b 



Figure 3: The two elements Ta^b et Safi of Bn{z). 

Lemma 3.2 § 7). The algebra Bn{z) is isomorphic to the quotient of the free unital associative 
algebra on {Ta,bi~Sa,b : 1 < a < 6 < n} by the two-sided ideal generated by the following relations: 
for disctints integers a,b,c,d between 1 and n, 
(i)^l,b = ^^a,b, (ii)^Xb = ^^ 

(Hi) Ta,bTc,d = TcdJafi, (iv) Sa,bSc,d = Sc,dSa,b, 

( v) Sc,dTafiSc4 = r((, d).a,(c d).bi ( ^^y* Sa,bSb,cSa,b = Sb,cSa,bSb,c, 

(vii) fa,bTb,c = Sa,cfb,c- 

Let us describe the standard representations of Bn{N) and Bn{—2N). For any tt G Ai{2n), 
let us define the element of End(y®"') 

Po(7r) = Ei^+iM • • • Ei^„,in, 

the sum being over all ii, . . . , i2n G {Ij ■ ■ ■ , such that = ii for any k, I such that k ~^ /. 
For any 1 < a < 6 < n, let us denote by {a b) = po{Ta,b) and (a h) = po{sa,b)- 

Lemma 3.3. The application po extends linearly to an algebra homomorphism from Bn{N) to 
End(F®"). 

For any 1 < a < 6 < n, let 
Ps{sa,b) = -{a h) G End(F«") and p^{t) = -{a h)^. 

Lemma 3.4. The application ps extends to an algebra homomorphism from Bn{—2N) to End(V^"). 



Proof. One checks that the seven relations given in Lemma 3.2 are satisfied. □ 



3.2 Expectation of tensors as elements of the Brauer algebra. 

Let us fix a family of permutations io'n)-KeMi2n) such that a.j^TTQ = tt. For every a S &2n, define 
as the endomorphism of /„ such that for any vr G M{2n), 

-Rcr(7r) = a-T^aiTQ. 

For any x £ C[&2n] , let us define by extending the previous definition linearly. Let us point 
out that this does not define a right action of &2n- Set 

G{z)= ^^^''^'''V. eC[62n]. 

7reX(2ra) 
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Lemma 3.5. The matrix of the endomorphism Rg{z) of In in its canonical basis is {G fj_^u) ^^y£M{2n)- 

Proof. For any vr, r/, /i G Ai(2n) with R^j^ (rj) = p, u V p = cr^('/ro V vr) and ^(vr V ttq) = ^{p V v). 
□ 

Let us point out the following fact proved in |10) . 

Proposition 3.6 ( |10| .Proposition 3). There exists a family of permutations (cr^)7rex(2ri) such 
that cTt^ttq = IT for any vr G Ai{2n) and 

n 

G{z) = ll{z + X2k-i). 

k=l 

The knowledge of the spectrum of Jucy-Murphy elements yields that whenever z ^ {— 2n + 
2, -2n + 3, . . . , 2n - 3, 2n - 2}, G{z) G C[e2„] is invertible. 

Lemma 3.7. i) For any h G 'H2n, h.G{z)'KQ = G(z)7ro, and h.G{z)^^-Ko = G{z)^^'Kq. 

a) For any z ^ { — 2n + 2, — 2n + 3, . . . , 2n — 3, 2n — 2}, Rg(z) is invertible with inverse Rg(z)-^ ■ 

Proof, i) Let us write 'P-h2„ = | J^hen-m ^ ^ C[(52n]- The two equalities are equivalent 
to G{z)'P-}{ = V'}iG{z). Moreover, for any h G %2n and vr G A^(2n), if ha-„: = cj^'/i' with vr' G 
M{2n), h' G n2n, then #vrVvro = #vr' VvrQ. Therefore for any h G ^2n, hG{z)Vn2n = G{z)Vn2„- 
ii) Let us notice that I„ is isomorphic to C[G2n\-'P'H2n thanks to point i), multiplication 
on the right by P{G{z)) for any polynomial P is conjugate by this isomorphism to Rp[G{z))- 
Hence Rg{z) has as a pseudoinverse Rg{z)-^- 

We can now give another formulation of the results of the last section. For any r,s,n G N 
such that r < s <n and s — r is even, let us denote T^r,s] — Yli<,2i<s-r '^r+2i-i,r+2i £ Bn{z). 

Proposition 3.8. Let l2n{z) = Eae62„ ^^(^)~^^l,2nF"^ 

f S^^^dS = ps{X2n{-2N)) 

JVSp{2N) 

and 

O^^^dO = po{X2n{N)). 



'O(N) 

Proof. Let us prove the first formula for the symplectic group. Let us observe that for every 
vr G M{2n), the following equality holds in End(y®^"), 

{Wr,, ■)W^ = (-l)>5(0-7rr[i,2„]0-^)- 



What is more. Lemma 2.2 implies 

K,u;^) = (-irG^,^(-2iV). 



Let us extend by linearity the definition of w. to /„. The second assertion of Lemma 3.7 implies 



■K,rieM(2n) rieM{2n) 

= Yl PsKG'(-2iV)-V[i,2„]^T,^'). 

rieM{2n) 
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The first point of Lemma [3. 7| yields the result. 



□ 



We shall now give a statement of our main result which is a generalization of Proposition 3.8 



when the measure is not the Haar measure but the law of a Brownian motion at a fixed time. 
For any x €z Q, let Cx be the left invariant first order differential operator defined by setting for 
any differentiable function / and any g £ G, 

As G is any of the three groups 0(N),USp(A^) and U(A^), we write V for the fundamental 
representation and (•, •) for the scalar product on g given for any x,y G ghy 

{x,y) = —dim(y)TTY{xy). 

Let {xi)i<i<d be an orthonormal basis of g and define = Yli=i ° ^x^-The operator Aq is 
independent of the orthonormal basis (xj)i<j<rf and is called the Laplacian on G. The Brownian 
motion on G is the diffusion with generator ^Ag. We shall write {Ot)t>o (I'esp. {St)t>o and 
(Ut)t>o) for the Brownian motion on SO(N) (resp. on USp(A^) and on U(A^)) issued from the 
identity. 

For any C C {1, . . . , n}, set 

Zciz) = ^^^^p^ + s,,,GBr,iz) 

a<b: a,b£C 



and for 1 < i < n, 



(k) (k) 

For t G M and A; G N, let and gl be the holomorphic symmetric functions defined by: 



s[''\zi, . . . , Zk) = Yi ' 

l<i<j<k 



/ ^k~l k-2 
fc-l k-2 



Zj — Zi) ^ det 



zi e-*^i \ 
Z2 e-*^2 



fc-l k-2 
^k 



and 



(k), . -1 _i (fc) 



\-k 

z^^sl -{zi, 



Zk e 



,Zk) 



For any integers n and p such that < 2p < n , let 



1 



Cygt'^^\Zn-2p, Zn-2p+2, • • • , ■^n)''"[n- 



2PzP{n - 2p)l 



2p+l,n] 



a 



If n = 2p, set 



Let us write X^^(z) 
formulas. 



e and Xn^z) = J2o<2p<n-^,t{^)- Our main result is the following 
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Theorem 3.9. For any t G R+ and n € N, 



E[Of "] = po{In,t 



and 



E[sn = ps{inA-m)- 



3.3 Walled Brauer algebra 

For two integers n and m, let Ai{n, ni) be the set of partitions which does not connect {1, . . . , n} 
with {2n + m + 1, . . . , 2(n + m)} nor {n + 1, . . . , n + m} with {n + m + 1, . . . , 2n + m}. We 
note Bn^miz) the vector space spanned by M{n,m). Let us notice that Bn,miz) is a subalgebra 
of 



Let us denote by ttq € M{n, n) the partition {1, n + 1}, . . . , {n, 2n}. For any vr £ A^(n, n), 
let CTtt G ©n be the permutation such that 5"7r('7ro) = t^- For any permutation a S (3„, let us write 
7^(7 for the number of cycles of a and set 



For any vr, r/ € n), let us observe that "^(7^^ = i^{cr^ ^a-ri x Id„,(7fo) V ttq) = ^vr V r/, hence 




n ;n + l 



Figure 4: An element of Bn,m{z)- 



n{z) = z*''o £ C[6„]. 



G{z) 



and 



Wg{z) 

The following formula is proved in |lOj- 



Wg(z)(a-V,). 



Proposition 3.10 ( [TO], Prop. 1). For any z £ C, 



n 



^{z) = \{{z + Xi). 



i=l 



For r, s,n,m £ N, such that 1 < r < s < n < m, let 




r<k<s 

We can now give another formulation of expression (I™ 



Integration formulas for Brownian motion on classical groups 



10 



Proposition 3.11. LeiX„,„(z) = Eae6„x6„ ^^(^) ^%,nF ^ ^ Sn,n{z), 

[/®"®C7''"dt/ = po(X„,„(iV)). 

/U(7V) 

We shall state the counterpart of Proposition |3.11 for the Brownian motion. Let n, m be 
two integers such that n < m. Let us denote by p"^ the projection from Bn+m{z) to Bn,m{z) 
such that p^{tt) = for any vr S Ai{2{n + m)) \ Ai{n, m). For any C C {1, . . . , n + m}, set 
Yc = p^{Zc) + ^-^^ — € Bn,miz) and for any i < n, set 

^ = ^{l,...,i}U{n+l,...,m+i}- 

For any integer p such that 1 < p < n, set 



zP(n — n)l(m — p)\ 



For n < m, set 



and for n = m, 



n. 

o-e6„x6„ 



3.11 



Let us write X^ „j^((z) = e and 'Zn,m,t{z) = Ylp=o-^mt(.'^)- The formula of Proposition 
has the following deformation. 

Theorem 3.9. For any nonnegative integers n < m and t > 0, 

E[U^^(^Uf"']=P0{In,mAN)). 

3.4 Limit as time goes to infinity 

For any compact connected Lie group G, the law at a time t of the Brownian motion issued from 
the identity converges to the Haar measure as t goes to infinity. Hence formulas of Theorem 
|3.9| yields formulas for the Haar measure. Let us check that our formulas yield the one of B. 
Collins and P. Sniady. Observe that 0{N) is not connected and that the law of a Brownian 
motion at time t issued from the identity converges to the Haar measure on SO(iV) as t goes 
to infinity. The following lemma shows that the integration of all homogeneous polynomials but 
the determinant with respect to the latter equals integration with respect to the Haar measure 
on O(A^). Let us denote by e„ the idempotent ^ X](jge„ ^('^)^ ^ C[(5„]. 

Lemma 3.12. Let n,m and N be fixed integers with n < m. Let us set X„(z) = if n is odd 
and Xn^m{z) = if n < m. As t goes to infinity, 

Po{In,t{N)) ^ Po{^n{N) + l{n=N}£N), 

ps{Xn,t{-2N)) ps{Zn{-2N)) 

and 
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Proof. Using Theorem 3.9 Lemma 4.5 and assertion iii) of Lemma 4.3 it is sufficient to prove 
that the spectrum of the homomorphisms po{Zi{N)), ps{Zi{—2N)) and po(Yi(N)) are strictly 
positive for all i < n. The operator norm of a transposition is less than one, hence for any x > 
and i,j G N with i > j, the spectrum of Zi{x) and ps{Zi(—x)), resp. Yi{x) is bounded below by 
2^((|3;| - = 2p^(k| -i), resp. ^^{i{\x\-i + l) + {m-n + i){\x\ -m + n-i + 1)). 

Therefore the conclusion of the Lemma follows for N large enough. To prove the Lemma for 
small A^, notice that 

and 



k=l 



m—n+i 
k=l k=l 



a ^, 



where a is an involution of {1, . . . , m + n} such that for any k < m, a{k) = k + n. Observe that 
the two terms of the RHS of the last equality commute and can be codiagonalized. The explicit 
knowledge of the spectrum of Jucy-Murphy elements (see [9]) and the decomposition of y®"' 
into irreducible components (see [2] or [3) allow to conclude in all the three cases but the 
first one as n = A^. In that case, denote by L the line of V®-^ spanned by the determinant and 
L"*" its orthogonal in V'^^ . The previous analysis shows that E[0^^] restricted to L"*" goes to 
zero as t goes to infinity. What is more, E[Of ^] acts trivially on L. □ 



4 Expectation of tensors under the Brownian motion 



The rest of the paper is devoted to the proof of our main result Theorem 3.9 



4.1 The Casimir element and its representations 

Let G be a compact Lie group with Lie algebra q of dimension d with a G-invariant scalar 
product (•, •). For any orthonormal basis (a;j)i<j<fi of q with respect to the scalar product (•, •), 
let Cg = Yli=i ^1 ^ ^(fl)- The element Cg does not depend on the orthonormal basis (2;j)i<j<^ and 
is called the Casimir element. The application C extends to an isomorphism of associative algebra 
between U{q) and the algebra of left- invariant differential operators on G which sends Cg to A^. 
Let {gt)t>o be a Brownian motion issued from Id. For any finite dimensional representation 
{Vp, p) and any t > 0, 



f^nPigt)] = nl^G{p){9t)] = E[^p{c,)p{gt)] G End(Fp) 

and 



Hpi.9t)] = exp(^/9(cg)). 

Let us observe that the element Cg is invariant by adjunction, hence /o(cg) G EndG(V^). Our 
aim here is to specify exp(2Cg) as an element of EndG'(V^) when {Vp,p) is a tensor power of the 
fundamental representation of a classical group. All the following formulas but the last one are 
proved in Proposition 2.6 and 2.8 of |7]. 
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Lemma 4.1. For any integers n and m, let us write 

. . . (1 — Z ^^Tl _i V — \ fc-, / N 

At3jz) = -^ 2^ ra,b - Sa,b Bn{z) 

l<a<b<n 

and 

The Casimir elements of the classical groups have the following tensor representations: 

Py®-(co(7V)) = 2poiAB„iN)), 

and 

Proof. Let us prove the third equahty. Let us choose the orthonormal basis { ^j^ {Ek,l ~ 
Ei^l:), '^y^{Ek,l + Ei^k) : 1 < k < I < N} of (u(A^), (•,•)) and compute the Casimir as an el- 
ement of the real algebra Z//(0[^(C)): 

Nc^(N) = \ Yl {'^ + i®i)Ek,i(^Ek,i + {i®i-l)Ek,i®Ei^k(iU{Q{N{C)). 

l<k,l<N 

Considering pygn (^pyigm as a representation of the real algebra U(gij\i{C)) implies that 
Npy0n 0py,g,m{c^(^N)) = {n + m)Nldy0n+ni + 2 ^ (o 6) — 2 ^ (a b) 

l<a<n<b<n+m l<a<b<n+m 
a,b<n or a,b>n 

= pol{n + m)iVIdg„^^(^) + 2p'"{ ^ Ta,b - Sa,b) 

\ l<a<b<n+m 

Dividing by yields the result. 

Let us check the formula for the symplectic group. It is proved in Proposition 2.8 of [7J that 

-2iVCu5p(2Ar) = - ^ Ja,cJb,dE 

a,b ®E^^d+ Yl Ea,b®Eb,a(^U{Q{N{C)). 
l<a,b,c,d<2N l<a,b<2N 

Note that the scalar product (•, •) on u5p(2A^) used in [7] is not normalized, the Casimir here is 
therefore 2N times larger. Considering py<g>n as a representation of the algebra U{qIj^{C)) yields 



-2iVpv'®"(Ausp(27V)) = 2(2iV + l)n + 2 ^ {a b) - {a b), 

l<a<b<n 

= 2ps {2N + l)n+ ^^^b - 

y l<a<b<n 

Dividing by —2N gives the announced formula. □ 
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4.2 A decomposition of the Brauer algebra 

For any subset A of {1, . . . , n}, let us denote by A4a the set of vr € A4{2n) such that n + A is 
the maximal subset of {n + 1 . . . , 2n} not connected to {1, . . . , 2n} \{A + n). For any integer p 
less than n, let A4p be the vector space spanned by ^Ac{i,...,n}:\A\=2p-^A ^i^d {PMp)o<2p<n the 
family of projectors given by the decomposition Bn{z) = ©o<2p<n-^p- 

Lemma 4.2. Let n < m be two integers. Let A C {1, . . . , n} and vr G Ha- For any a ^ b ^ A, 
SafiT^ £ Ha cind TafiTT G HAu{a,b}- What is more, 



a<b:a,bifA 



and if TT £ A4{n,m), 



\ a<b:a,b^A 

Proof. We shall prove the two formulas and leave the first point to the reader. For any k E {1, n}, 
we note k' = k + n and 7r(A;') G {1, . . . , 2n} for the element such that {k\ 7r(A;')} is a block of vr. 
Let 1 < /c 7^ / < n, we compute r^jTr by taking into account whether k' or Z' are in A and in the 
same block of vr (see figure [5| : 

a) If k', V ^, Tk,iTT G i?Au{fc,/}: 

b) if k\ I' £ A and /' / 7r(/i;'), Tfc,zvr = Sfc_^(i/)_„7r, 

c) if /c', I' £ A and /' = n^k'), t^^itt = zsk^iir = zir, 

d) if /c' G ^ and /' ^, rfc_;7r = s^(^k')-n,l'^- 

We deduce that 

/ , / (z- 1)1^1 1 ^ / N 

l<k<l<n y l<a<ti<7i;a,6^A l<a<6<n:a,6^^ y 

Note that if vr G M{n,m), transpositions appearing in c) does not occur if we consider just 
elements in Bn,m{z) and 



X] rk,l - Sk,l)lT = i + ^ Ta,b- ^ Sa,b\ ^ Bn,m{z). 

l<k<l<n y l<a<b<n:a,b^A-n l<a<b<n:a,bi^A-n J 

The result follows from this two formulas. □ 
For any integers r and k, let us denote by 



hr{zi,...,Zk) = ^ z[^ 



h,...,lk>0 
h^ l-/fc=r 
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=z 





Figure 5: Left multiplication of an element of Ma by t^^i- 

the complete symmetric polynomial of degree r. We recall the following classical fact that 
complete polynomials agree with Schur functions of the partitions (7^,0). A proof of the first 
point of the following lemma can be found in |8]. The two other assertions follow from it. 

Lemma 4.3. i) For any integers r and I, 



/4 



^1 ^1 



r+l-1 J-2 J~3 



V4 



J-2 J-3 



1 \ 
1 

1 / 



a) For any t G 



and 



/ , "-r ■ ■ ■ ,Zl+i) — {-1} Z-^ ■■■Zij^^S^ [Zl,. 



Y+i 

r>0 ^ ' 

in) For any distinct complex numbers zi, . . . ,zi, 



^1 ^2 



-1 



Zi, . . . ,Zi,Z2,. . ■ ,Zi 
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The following lemma is the main computation in the proof of Theorem 3.9 



Lemma 4.4. i) For any k < p, Pm^^b^ = ^Mp^B^,,^ = 0. 
a) For k > p, if 2p < n, 



and if p < n or n < m, 



(_l)fc-p 



(n — p)\{m — p)l 



(Te6„xSK 



Hi ) For k > p, if n = 2p, 
and if n = p and n = m 



5Z ^4-p(^l'---'^n)^l,n]f^ ^ 



2P 



o-eSnX 6,1 



Proof. Using the assertion of Lemma 
which implies the point i). We shal 



4.2 



we deduce that for < /c < p, G 0o<2p<2fc-^P' 



prove points ii) and iii) only for A/3^(z), the same proof 
applies to the computation of powers of Ag,^^(z). For qi < q2, ■ ■ ■ ,q2p-i < q2p distinct 
non-zero integers smaller than n, note B = {l,...,n} \ {qi,q2, ■ ■ ■ ,q2p} and for k > p, let 
Fk{qi,q2, ■ ■ ■ , q2p-i, q2p) e Bn{z) be the element 



k),li,...,lp>0 
lo+...+lp=k—p 



BU{gi,<?2}'^'?3.94 • • • ^{I.'.,n}\{g2p-i,g2p}'^92p-l'92p^{l,...,n}' 



if 5 / 0, and 



li,...,lp>0 
li+...+lp=k—p 

otherwise. For k > p, Lemma |4.2| yields 
zPPMpA'^„{z) = i-l)'-^ 



4\{92p-i,g2p}'^92p-i,g2p^{i,...,n}' 



E Fk{qi,q2,... 



q2p-i,q2p) 



(7) 



9l<lj2,--->g2p-l<<?2p 

#{giv,g2p}=2p 



For k > p and 2p < n, 



Pk,p — E ^n-2p''"n-2p+l,n-2p+2-Z'^^_2p+2''"n-2p+3,n-2p+4 • • • ■Z'^''_2'rn-l,n-^n G -A4p, 



^0:'lvi'p>0 

io+...+ip=A;-p 
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if n = 2p, let 

lu...,lp>0 
ll+...+lp=k—p 

Using this notations, the above formula ([7| implies that 

^^"^'^^ = 2plpin- 2p)\ ^ 

Using the fact that for 1 < i < j < n, Tjj+i commutes with Zi and that elements {Zs)i<s<n 
commute with each other, we can reorder the product occuring in the expression of -Ffc.p- After 
reordering we get for 2p < n, 

,p — Tn—2p,n—2p+l " " " Tn~l,nhj^_p (Zn-2p, Zn—h+2i ■ ■ ■ i ^n) 

and if n = 2p, 



Fk,p — Tl,2 - ■ • Tn^l^nh^^lp{Z2, ^4, ■ ■ ■ , Z^ 



□ 



To complete the proof of the formulas, we shall show the following relations in the symmetric 
group. For any integer p, let D(&p) = {a x a : a £ Sp}. For any finite group K, we write 
rK = jk]EkeKkeC[K]. 

Lemma 4.5. i) For any integer i > 1, 

(Xi + X2 + • • • + X2^)Vn,, = V'H,^_,i{l + X2i-l)V'H,^ 

and 



l<a<b<i 
or i<a<b<2i 

a) For any polynomial P G C[zi, . . . , Zp], 
Vn,pP{Z2{z), Z2p{z))Vn,p = Vn,pP{l, 2(1 + z'^X^), ...,p{l + z-' X2p-i))Vn,p 

and 

Vniep)P{Yi{z), . . . ,Yp{z))V Die,) = ^d(6,)^'(1, 2(1 + z'^X^), . . . ,p(l + z-^ Xp))V me,). 

Proof. The assertion ii) follows from the first one. Let us write the left-hand side of the first 
formula as ^i<a<b<2i^^ ^)^'H2i- Observe that the transpositions {2k — 1 2k) for 1 < k < i 
belongs to %2i and that the other transpositions with support in {1, . . . ,2i} are conjugated to 
{2i — 2 2i — 1) by an element of 7^2i-2- Using the fact that Xi + • • • + X2i = X]i<a<6<2j(^ ^) 
in the center of 621, we get the first equality conjugating by elements of l-L2i-2 on both sides of 
the equation. The same proof with D{&k) in place of T-L2k yields the second formula. □ 



Proof of Theorem \3.9[ Combining Lemma [4. 4| and 4.3 yields that for p < n, 

PM^exp[iAB„(z)] =X^^,(z) 
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and for p < n or p = n and n < m, 

Moreover, as T[i^2p] (resp. f^i^p]) is invariant by left or right multiplication by elements of T-L2p 
(resp. D(&p)), Lemma 4.5 implies that this formulas still hold in the algebra Bn{z) as n = 2p 
(resp. in the algebra Bn,n{z) as n = p). □ 
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